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Lesson 3-4: Partial Fraction Decomposition Date

Learning Goal:
o I can find the partial fraction decomposition of a rational expression.
In Calculus, there are several procedures that are much casier if we can take a large fraction and break it up

into pieces. The procedure that can decompose larger fractions is called Partial Fraction Decomposition. We
will proceed as if we are working backwards through an addition of fractions with LCD.

Example 1: For our first example we will work an LCD problem frontwards and backwards, Use an LCD to
complete the following addition.

3 5 _ZﬁL‘_’)_ +M_ B -3 +Cx + O

?(&—}Xx.ar) 2 x-1 GHA){)H) (\C‘H-)CK%BL Cxto ) x=1))

= Sxt7

: (K1)
Now let’s work this problem backwards . . . .
8x+7
-2

Find the partial ﬁacifon decomposition for ——— .
x+x
2 ve ﬂ‘“ﬁ‘ .
As we saw slide-the denominator factors as (x + 2)(x — 1). We want to find numbers
A and B so that:
8x+7 _ A B
¥+x-2 x+2 x-1

Study the process below and describe what was done in each step of the process.
LED  ( gey7 4 BY) XD
(x+2 x—l)( )=[——+——- (x+2)(x—1)
%ﬁ- X+x-2 My\ !‘,‘:P"y bﬂ;‘ "Iﬁ.l’&S é'z L@

x+2 x-1
(oot = a0 D it b LED o il

8x+7=A(x~1)+B(x+2) Divicte o-—v”t’fmma-n'ﬁﬂlvf_',
8x+7 = Ax— A+Bx-+2B st buty AFRin cittzidy
8x+7=(A+B)x+(-A+2B) Copmbone ke terms vfothy, -

If the left side and the right side are going to be equal then: A toB ¥ v

A+B=8 and -A+2B=7. Why? AtD s coefl of- X ¥ 50 s 5’/ are (mste~1s
2 equations; 2 variables; time to solve a system! Show your work below:

=¥ At =&

B o
What is significant about th/‘c, /50! »apg the system? Take a look at what we started with!
a2 . B D 2
CHx-o- Xt K)o xte- X OVRERs
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Example 2: The previous example had an LCD comprised of two linear factors. This next example has a
denominator with one linear factor and one quadratic factor.

~x* +11x-10
X 4357 +4x+12
First factor the denominator. Use the factor by grouping technique:

({:]+3x‘3+ x+1-2)= x&( Xt 3) -+ ('{' (X 1'3‘) Because one of the factors in the
Ry

denominator is quadratic, it is quite

Find the partial fraction decomposition for

possible that its numerator could have

= = N

"(Kﬁ{x T 13‘// an x term and a constant term—thus
- +11x-10 _ —x"+1lx-10 _Ax+B" C endoeeleepoguote i
X435 +4x+12 (x* +4)(x+3) x*+4 x+3

So,

Describe what was done in each step:

(oA o (855 99 Moty s it e
—x?411x- =—+‘B xt X+ +£ X+ Mo ) 6¢¥.- .“rv,".)n'r‘FV
e

B A5t WS iole

—x? +11x=10= Ax® +34x+Bx+3B+Cx" +4C Ittt om £ 1_5

Combsne like Sorms eesr
en rght— s

Now there are three variables, so it is necessary to set up a system of three equations. Write the

equations below and solve the system.

= A N =34+ R -0 = 23+49C

3A+ S = 5 n @ 7
3R+ = ©C C A

Moty 45 s |

=x" +11x-10=(4+C)x* + (341 B)x+(3B+4C)

6‘*1
G"‘f

Use your solution to complete the partial fractions.

~x*+11x-10 |Z)Ix+| | =l
P43 +4x+12 X +4 x+3
» How can you check verify that you\ue_mm:—nal fractions?
f‘ufsf'

Call The Heinl over for verification of your work and ‘;oluhons Heinl Approval: %’7)’# .
L
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Example 3: Let’s see what happens when one of the factors in the denominator is raised to a power.
Consider the following for partial fraction decomposition:

13x2 +48x+72  13x*+48x+72 13x" +48x+72
x> +6x% +92¢ Jc[x2 +6x+9) x(.!:-4~3)2

The following set up considers that the second fraction could have come from two pieces.

13x*+48x+72 A B C
z—=—rt + =
x(x+3) x x4+3 (x+3)

Describe what was done in each step:

2\ 13x% +48x+72 A B c 2
(x(x+3))£ x(x+3)" J=[;+m+(x+3)2](x(x+3))ﬂ_'¢&5dé£' bolh 5idos by Leid

13x* + 48x+v'i-'2 =/-§f(x+3)2 +}%x(x +3f +

C
wxw Df-ﬁ"ll(ﬁ.liua{'ﬁ. LC Bq-’ﬁ\'\?"‘i&y

13 +48x 4+ 72 = A(x+3)’ +Bx(x+3)+Cx Divide aud-commen frefoc S
136% + 48+ 72 = A(x* +6x+9) + B’ +3Bx+Cx Bapand (KFRVS

13x% +48x+72 = Ax* +6Ax +9A4+ Bx’ +3Bx+Cx > rsstenh R DA e Vs 5 ‘g’
13x% +48x+72=(A+B)x"* +(64+3B+C) x+94 Copnboorse [ Ferm D

Now there are three variables, so it is necessary to set up a system of three equations. Write the
equations below and solve the system.

AR =1 G A+IPTC(-4Y 23=94
A+B =13 | 1 O A 13

Latre=ay o3 0 |78 ]

54 7 X 7 0 0 C, -
: Al |3
Meteix L3 B
/l'.-fV\l/ . (2 | 6

Use your solution to complete the partial fractions.
| 3t yugy + T o & + 5 'l5
* 2ot H T X | (xtRy e

Call The Heinl over for verification of your work and solutions. Heinl Approval: 3“’&

OVER =2
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4
2x° —4x? =15x+5 g

2
x‘=2x-8
Notice how this is an improper fraction. Before starting the process, we must divide the numerator by

the denominator and then decompose the remainder.
- +£]_x+_5_? c(x)
il
x?—2x-8)2x’-4xT 15 x+5

2x’ - 4x* -16 x
x+ 5

So, 2x3—4x2—15x+5=2x+ x+5 re
S EHI 7 Bewmonat (x—HXXH)

Now it’s your turn. Dccompose thc mamder

6 a
k =2 (x-y ) )
(x-LDO@;] X- ?’ Xt )

Xt5= @ M;YX*@) 1——(_,_%0(’*{)0‘%2)

xas = A (xta) T BOD an(AtB= )

Example 4: Find the partial fraction decomposition for

).

xts = AR+oA T Bx- 98 L 1"%;2
Xt8 = AxyBx+ oA B oA _‘1
%45 = A(A+8D +2AA-418 ‘v%:;i
2x —4x° —15x+5 b ) >
Complete: = =22 o . S . =
omplet 52 ?ﬁ‘l‘c)ﬁbu) &(Y‘*‘E?q ‘”_ﬂ. é‘;

2
-1

Call The Hein! over for verification of your work and solutions. Heinl Appmval.c; ?}'

Summarize the process of Partial Fraction Decomposman 4y "Db-\)
@ r‘- CJ""U'V" &_Mm T (D tlke 1 I'{‘ \W\Pru‘;r.r pf"'c

@ L‘S—e'f'udo SO #m(j—g-e‘ows w/ A, é, c, & M s
@ Mu ) )/ beth skes ot ?fma;f‘w‘*"\ b}, e

@ 'Drﬁ']"’- MH/‘S"VEE?! {‘//CJ”""-bi/t(, {*k-"- St S
B) St up o Solve 55t 1O £ind A,B,C valees

@ e, +e i\/omf’ Rl _Dg_wymf)oa.g.f e‘fh"\’f"‘m
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S y m bola b Pa rti a l F ra C ti O n S Ca IC U la to r uhttps://www4symbolab.com/solver/pamial-fractions—calculator

Find the partial fractions of a Fractions step by step
. . X X T i
partial fractions ————————
o+ 6 +0x
FIECEOE eampes»

Solution
2, 5 _ _ « Hide S5Eeps
Take the partial fraction of % e 1—0,, -1
Preleg  ¥+F3 (x43)? ¥
Steps
13x° + 480+ 72
X+ 6 +0x
Factorx® = 6" =~ O x(x+3)° Show Steps
_ 137+ 48r4 72
x(x+3)?
. . . B 2 Show Steps
Create the partial fraction template using the denomlnatorx(x aF 3)
1l _ B 4 @
T ieil912 T x x=+3 2
x(x+3)° o x+3 (x+3)
Multiply equation by the denominator
x(x+3)2(138+ agea72) _ =30 awxlx+3)7  awlx+3)?
x(x+3)? x x+3 (x+3)?
Simplify
13x2—48x—72:a;\x—alx(x+3) —a":.(Jc+3)2
Solve the unknown parameters by plugging the real roots of the denominator: 0, — 3
For the denominatorroot 0:  ag =28 Show Steps
For the denominatorroot —3: as= —15 Frow HzE
ay=8,a,= —15

Plug in the solutions to the known parameters

13 + 48x + T2 =apxlx +3) = (=15)x = 8(x + 3)?

Expand

137"~ 48r = T2 =8 + g = 3ax + 33x + 72

Group elements according to powers of x

137 < 48x + T2 =x"(ay + 8) +x(3a, + 33) + 72

Solve 3a; + 33 =48 for ay

a1=5

Plug the solutions to the partial fraction parameters to obtain the final result

(~15) .8 5
(x+3)2 x x+3

Simplify

5 __ 15 &
x+3 [_‘(+3)2 X Qaua



https://www.symbolab.com/solver/partial-fractions-calculator
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Lesson 3-4 Homework

In Exercises 5—8, match the rational expression with the form
of its decomposition. [The decompositions are labeled (),
(b, (©, and ).]

A B C B

3x — 1 « 3x— 1 ,\ ;
L mr P 3 T4 A |
" (X2)
(2)
Show all work on another sheet of paper.

Write the partial fraction decomposition of each rational expression.
1 o [ “
2. e =t s
2x2+ x XCAX+1)
23 3 . L= Y
Tx24+x -2 (X4 )Xt )

” R4+ Rx+12 = xPraxt 2 X2t 1o xt 12—

B e XXT=H) T X (x+3)X-2)
a9 %

" lE =2
31 42+ 2x -1

ox¥ x4+ 1)

. : X X

B - A ‘S ~
(- FEx+2) X(x-D=alx=1) K =D —1)

22+ x+8

(xE-!-&l:I? .
. X X

B R (NI CT ) EYRy 2y

OVER =
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)\ + ‘5),*01)(’_% """""" ——fgﬁ;l__ e

f X A4
S Tamt2 a(%: mholii'd
i };4 )&33}-‘5?"—-1;;1 BB "'?K _54!*’5-
4 (x“ 1)3 e L 4 "3{{13

K 7 iy - 1)
o (7 —aix -

a0, A+ 2> +4x* + 8x + z;x 445 - 3 ) '

o loll A (¥x 19
13+2x2+x o —n + 3
T 2
i CCL-HtXa
Review:
1. Evaluate: 3 = i o -J_ m E f'J’?‘T.:
e 1m o
xlf,mzx + 8 AN 1-x SEX LT
G’ﬁﬁ)(x—l)

| | | TR = +9) B
(GXxaxrd) =k -

(- x)CJET*ermL)

—— 3 -:"7 __;\—_L K — 2 | &
(2 =ac3+9  ryeel D (1=x X3 +Jm0)~ "W\F*
|
NEN Ry T
2. Solve for x: = JhEAE J‘E>+~r_§"
x+4>§—2 ‘ =U o )
7°<$-5 - 2J3
(x+ YXx-$) == 14 = O

>‘~~x Q2O+ |4 T

s——

XZQ . )H(u;) 0@3

/3
3. Completely analyze the following function: f(x) — 6x? —Tx + 2 = X~ Q-Y‘?“X )
“&' (2 4t = 1 Q0+ (%=1 )
A="E (a )0)
. ) o .

N < L _‘p _
V. A K= —— -
' = ("hw'ppv); =29
HA‘ }/ - %M X275 3 (L L
! \‘% L v ‘pmg) = ;‘J‘.’_‘ 3(’:19":) ‘I”()
RID. _>< = ; }(A:)'-')O i
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Lf:?sfn 3-q HWV\(MJUWK /Qy

N 8 | (ans )
(3X+r é(&ﬁ”') - 7 {awr)

= A r BX . o=2/49
= opx 4 + BX |

= Q,A.,x.,-é,x + A4
= x(a/Hé’O +,4

A, 3 2
(D fra )k =

O=A+> 3 — A>T &(xt=)
3:%”@@ 3 T AX — #Mxi-gg
(4)?(+ = i
) /rﬂrae%

r2> !
,4 = - r+ (;x td0¥-1) Cx-rb Kt ~

2 | |- E e, ;mxy-.ﬁ
K= B
XCxraX ('X-r-}—)(?( 2> __HO( ) +£>U(¥X“~L)+C'(X“)C¥+3)

Fax H1 oz
%}rk Xt 19 = /“}xg 4 A +8x7—2BxX +E‘Z+-7A
% 1R+ v ﬂ?ﬁ '1-3;; f--CX — 2B + X_qA
= %a:,}i.’-.;._ /A—y6+c)><-‘“+><(;8+—;><lj
;:/++’:;ﬂ1-c; | £~3 +B+C j;-;,-cwg_
~28 +al [tf gAC)2a / + .
}g":“‘fA caapaac ) (RO x DX
:’23/ % g +3C 1;3_#;,_4' g
= - =3 484D e—*-:‘r"”" R TR
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3\’7?‘_.?.522_‘,;—_ A L B (-3

34
Zx = A-3>+ B . apap
37\ :M o= “éﬂS)"‘Q
e ci _ 0]
> _(?“3),)

(x-z  TZ

5{,4 L/{)(rl.‘k}x..rf _: _{i‘ 4"__@_ N .3 X'a.{ 1)
x? Atl
x> (X#D) x2(XE1D X L X i ,
Yy? rax—1 = BAX (x+ D+ Bexm) HEX o3

P4 2x- -,4;<*‘+AJ(—{—6K+:(3+C>{ -
4,(;;,( Py O AXA B _ﬁ-@
A e AhG D x> 'f’r(@f*@)'x-f D

Hx 2 +ax =] = SN R
A-C = 4 o VA i |
ez |p 1 op[B T2 ;
4B o osled [
P

. —

[
- — +
=

AX X+

HEE

55‘ '____,_2(_____,__ - 74- + M (}C~1)C.>¢l"23
(Y—'I)()-“). (Xf‘_a_)é(_,.[b O X—1 )(:..___ 2
| S A TBx+eg )

— PAXTHBX — BRTCX —o4— ¢

_(A DX + (Brc)x —2ATC

A=  Jt v oA )_|©
-0 = | o -1 1 4% [ 7] 1
- - -2 O ~=1 (& »)

- +
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37 p-b(”.l_x-l-g)“rﬂx_’_& . C/;‘TD LCD
me T xe (x* 4™
2P px +9 =—(Ax+8)Yx+4) + Cx +D

Ax F+¥ 7Y = A—x."’—f’ﬁx +%Ax + HE +C x+ P

x Xty = Ax? + Ox* - HAx +Cx +48 + D
. ©=A 4Y4A+cC =/ 48+D7Y
x4+ xr & i X a-ﬁ c=| ?_'_D _?

= +
(x> 4+47% X‘+4 x‘-w)

& 4_55 JH'XJF— ‘Ht
f “'?}"1 4fx ;‘-f- l

W= A{aﬁhfx&f:)f‘ﬁ@dt&‘fﬁ-ﬁ;)f{()(?-bxy,x._
) = G2 42y Y+ B (xR ot Y HCX 7D Cx =D

X = 8Ax —;/Afi’aﬁ/ 4+_.g;+ﬁe”+m+a+1g+/,ef~

X =G A +8 8,24 HCx — Ux "1 B YD Ay +38x — O ~AH-D
XS (%A+3@>+*nclp<31~(~7++—~rsmb)x + (DA +3B-C)x - A+6-D

57}%{

o =5A+5B+1C M b = 27 (o
o =14 B +1D v Y ,g -l o
= ' = B |
(oHrem o o -1 | [|o]f]o

e ——

gt s
e —————

r X l X
‘_,__._-————'-‘-_J_“"“"",_‘ e — —— —
L("’!xiﬁ» J)(&xﬂ)@w D Fov) S(gx N c,l(q”;) | O
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fgAt 1D _'__(_'
= e x

15,
) 1G . _____.. +
/><+~J-)(>m) &[.x:);vm;} XH " Xt o (xfa)CK )
— A(r+3) £ &(x+1)

15 x+19
— Ax+24 +x +25

f%:k-frgj [By+a =
_ Y -\
'ﬁ’_a’HG 1§ 16 = AKRABX +3A+ B
_\‘;‘_ A 8 IVWH—rc, = ?‘FA#é)-ﬁ-M‘T‘F‘)
L'Q’“"““ A TR
X =Irt = .

L(? -‘ch')--xkgﬂl" i} )3
r ﬂ 3 C
(51 x> =Xt r— —
" )., P L X
,/rOw'J +
2_GAat?
fx"‘ YK+3 _A-(;gl—.?m--]-'r 3B x- 5';46&
>—&nt2 = Art 2 _2Ax+A+8X
e A-rT L
Wi+ A~BHC

G\;('L 5"(1"3’“)4)( — 2 AR+ 1RX
b= trap= Ax 4 (3ATS
.
= (o q {
?-—5..,1{(9)**13 X ‘____@___*’ . P .
3> ?(—'4 C;{-—'I)"" (X—l 3

H}:_;}_}“"—B 8=
A3TA-B+C 4 i:___‘\___
=0 =t +C

c= |

4y See next f"d’e

(Aﬁfa ’(J .
,) X a’»*‘)‘ . 4
( 1 */401,"' Aa.

b,
@m)@"\ ’9 (- x)fm—
= A (a+x)+ B(&-X) g
lﬂAG\«IA}ET& 6/"( g};\‘*‘j&}%"
)= Ax - Px t A +5a LA ABS
;:X(A;@)-PLAG +Ba 1 . >
- 4 =8 —= S
Ry
G -x Yeax) ot ta(a~y):‘_<?:'"’\+x)
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149, >

R I

x(xaf-ax;:,)
x(x+1D

- L
K(“*);H SH R, = A + 8 - & S [*(xe0D
| X (x+ ) )( (%X+1D Cx4ed

37&14 Ixtra = ACKH\;T ISG(}(xH) + X

2, Ex+2 = Al X+ )t ﬁx‘f By .+ C’f*
3.Pr8%t> = A tA+A + B +@% TEX
P8 xt> T 4?i1+3><'l+ JAx+ Bx +Cx +A
IR B> = (A3 ) X + G+ e XX + A

3208 >5T AE s=a@)+!+C
= f=9i-0+ C §= 5tC
=i LB > 52
3B D, L, 2

X (x+1)> X XA | ( X+
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